Chapter 4

Vibration Under General
Forcing Conditions
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Torque transmitted to driven gear'is shown in the figure. It can be expressed as:
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Base motion is given by:
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Equation of motion:
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Solution of Eq. (5) can be found by adding the solutions due to each term on the right
hand 31de of Eq. (5) .

Solution due to constant term, Fq (terms 1 and 3 on the r.h.s. of Eq. {5)):
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ete. and the solution of Eq. (5) can be obtained by using Eqs. (6) to (8) suitably.

@ Base motion can be represented by Fourier series as (from Example 1.12):
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Equation of motion of mass:

m¥+c{x—y)+kx—y)=0 (2)
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Equation of motion:

mx+k(x—y)+tpuN=0

or

mX+kx+pN=ky

2 2
r k¢ |r
?] —krcoswt———4 [?] cos 2wt 4 +- (2)

For given numerical data, Eq. (2) becomes:
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where (1 is the frequency of the harmonic force and X is the a.mplitude of the mass.
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Steady state solution due to constant term, F;, on the r.h.s. of Eq. (8) (from
Example 4.3):
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Using the definitior of equivalent viscous damping constant:
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where (1 is the frequency of the harmonic force and X is the amplitude of the mass, the
solution of Eq. (2) can be determined using the superposition principle.
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and + sign is to be used in Eq. (6) for } < w, and - sign for 2 > w,. Equations (4) and

(5) can be superposed suitably to find the complete steady state solution of Eq. (2).
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| 2en - 35, o+ 3g,) e

= -1 Tt _ cos .+ 1 t s .t
2/ T _ o CC’SE— oS Wy, + - wszto"“‘ n
2T L H(E o ’
<@

Ez.(Ez) tan be Sa‘m’p'v‘jln‘eol of

’x(f) = "ii ("‘ CDSCJ,.,t) + (E:/"b [COS nt —-Co& w,,t] (E;)‘

/TC N2 2 2to
2ty - ©n }
For t>t,:
x(ty= _Fo f (1= cos X ) sin 5, (£-7) 4z &)
. ™ 2t, n
= mf:c; ['w_ cos @, (t- fo)*“" cos &y t]... h':"_ {-“l‘n@"t.#

[““Gr' @) b, sn (T n) e
*(3g,- “n) 25, T )

[ CoS( Z€, o )t ;i cos (.;Trg.o_'. A 'L' 1
z(a:-t» '

"o - 3% 2@nr3g) AR

J + Cof (J"t *

i~ 7((‘(:):_— ;i[cos Gﬁn(f—fo)—cos &’"fj



- 2, n
Base displacement = 3(4) = ¥ sm T2 (&)
e y(t) Y sin Tr—?t (Ez)
S'&ea.dj-—:{'a.te refa.‘f.‘nve c-hs“bfa.cemeni: can be found frorn . (4- ss)u
—3‘69 (t-7)

}(t)""'a;_ f }(7) sin J(t-*'r) AT (E;)
Where )‘("'>: ..Y("T'")z Sin .7%? - | (54)
3’(‘{‘) = “’d ( ) f -yt ‘;wnt' Sin _71;._7 Sin az’(t_z-) a7 (E,-)
But “"" ﬂ;‘: sin & (t-7) = ‘L C“‘(—— — ot + ) i—cor(ﬂ-—*—:-i»q,t—a"(zj

:.“L[COS(T{;'{'G’J)T-COSQ,:'t + Sl‘h(l-:—-f-aa)t'- S O.i(f]

._-ZL[(os (1_0J>T- Cos C«%f - an(%-@&)t’- sin 634*] (E‘)

Eps. (Es) a.no' (E¢) give : £
v ()2 _sw.t *g-w 4

}(‘t) = 2 <5 -t— e - [COS' ﬁ’t Cos(‘f‘ + W J T. Jt
J [~]

t
. Y, T
+ sin Gﬁffe " ..S'fn(-:-i-l-&’d)t‘-dt‘
o

)
-~ o5 @yt . ft ¥ Wh z_ w,('lr—.-wd>z-,=lt‘

to ‘
+ ‘ .
+ sin Wyt - RGNS .At] E
Sin 1 j; e . £ o wJ)Z‘ ( 7)
Ez:(E?) can be SI.MPI‘-fI.EJ
A 4 :
}(t): _Y_ (E) X W cos Tt
20, V% Erwr.)“-r(l{: + & { " te
Yo, t
+ (:'%:; +("J) S$in lr-t-—t — ‘S-wn e tes &zlf




i mt — T @,t
- s -CJJ> sin _-’tg + 5, e " cos A
-TwW,t
-+ (—-E; -_— d) e San Cd;'f }

(Eg)

Equation of motion of vehicle:
mx+k(x—y)=0

Using Eq. (1), Eq. (2) can be expressed as
kvYt

mx+kx=ky= s
0; t>tg

3 0t <t

Steady state solution of Eq. (3) from Example 4.6:

vyY ' . |
x(t)= " { sin wy } <t <t

Note that the homogeneous solution,

x(t) =C; cos w, t + Cyp sin wy ¢

(2)
(%)

(4)

5)

is to be added to Eq. (4) to obtain the complete solution. The constants C; and C, are
to be evaluated from the initial conditions (at t = 0). In fact, tthe resulting complete

solution is valid for all values of t, including values of t > tg.

S'Pged of automobile = 50 *m/f;r

Excitation Ffreguency = (So x 1000} | _
prency Seoo /o5 = 27-777& Hz

—|oH}—_—> as::z'rf'rnﬁ/sec.

Natural freguency = £,
fo = 0S5 x 3600

50 x tooo _ 07936 Sec
0.2t
x(t)= to s o5t < toyg
_O'Zt 2 - +.
_&o + © 4 -1—5'& S i_




Ezun;tc‘on of motion (for u'nda.m'beof ca,:e) :
mx + (2 -—y ) =0

or mx + kx = xy -_—.F(l:) (Ez)
Where F() = « Y(t) (E3>
Solution of Es. (Ep) is:
)= ™, IF(r) sin Wt —-7z) 4T (ef)
For o<t < Yo . ° o
e e 2 __
X(f) = —-2-(—_.. ' t .2 .
™ ~£ (E) T sinwn(t-7) 4 (es)
Since t ’ ,
I O R Y A
n
Eg'(Eg) !Jt‘.(orr\cs‘ :
x(t) = 5-555¢ (t— 0-1592 Sin 5.2932'&) m ; 0< 'f:S_o-oiYSe(.c 3
£ E¢
For Bzt to: .
_ to/z , iy
)= m &, {f 22T cn W, (£-T) dr + J‘(_mzr’*"‘Z)n‘nw(*-r)al‘t‘
n g ta . ‘to » .
to/s
But
0¢2 K o2 & ’ i T
Z’Inw(t YNdT = s.‘nut[—‘ Cos U, C +
m of ‘ ) mw,t, { wr

n

n

v 0/2 . ) ‘to/Z
——*—anwnf] _c‘,gg-t—-—unw?——-usd?:]
(A 0

~—

= §5.555¢ [o 1592 'stn 6. zsaz(f-— o'ou?)

+ o0+0180 cos 6-2932 (£- 0:01f) —0: 1592 :sin s.zssz%] m (Ez)
Since foz o-036 .

- 02 k

2 K i |
—_— f T Sin W, (t-T) dT :.——g—-z—_{s.‘nw“t_[z,? Cos &3, T
™ a, t, "-'/z mwn’ca '
S ¢ » £
+ E:‘ Sin 9, TJ

{ . T
— cog@nt', 2 Sin 89,, T — — COS'CJHZ‘] }

= - 5.655¢ [‘t — 041592 Sin 6:2832 (f— o-ol!)

— 01080 f 6.2832 (4~ 0r012) |

m | : (Eg)



0:2 K £

™ (S, f sin @, (t-7) d¥ = 0'2* [—-— os @9, (t—Z‘)J
to t/y
4
= a\,:w?- [l cof (19,, )J
= o0-2 [(-—' Cos ©*2832 (t—0v0l3> ] ™ (‘%)

Hence the Solution can be expressed as

‘Z(’\‘:):: [1-763? sin 6-2332-(f' o'ol?) - 0-8845 Sin 6:25‘.32 t

—5.5556 t +02] m ; ov0lf £ T = 0036 See €

FOI' t >to .
haddiie to 2 to
% ,

x(t) = 22T j T sinw, (- T) dT - 02k fr sin @, (£-7) 4T
mes, to A mw, to f.',/
S .

t .
02 & ° ‘
+ ™ S, f $in S, ('f:-—'t‘) P 1 CEM)

t‘o/z '
The frrst term on the right side of (E,,) is given by (E;,).

Jecond term on fke rn‘jH: side of (E)) is

OZ‘k 0.2 Kk
—_ -0 ......coswt
mwn f‘r sin @, (t- 'C> dz = S $in W9, f[
. O/z
to >
"f"-——-SmCSTJ — cos & [ Snwz—-—-cs&if] }
) S n 2 -'" 3 ¢
e , " 9%

—5:5556 [0-1592. Sin 6-2.832.(f-—0-036>+o.0360co3CvZS’!Z(f-o-O?S)

— 01592 sin 66,2932 (-b-—o-aw)—-o'oli'o CoS G-zf?z(t—baot?):l m
The third term on the right side of (£,)

s » (E“-)
0r2 & to o '
v (an f Id‘n C;?,,(f— ’C') dt b -2 —L—- COS w (f 2’)
tofs -n °/2
- 02 4% t
= cos @, (t—1.) — cos v, (t- Lo
77\(49,,1' [ ) z ]

02 [cos 62932 (f—o-oaé) — CoS g.2832 (\‘-'— O'Ofﬁ’)] m (Eu)



. x(t) 3 3\‘v2n Lj the sum of Egs‘- (E-,))CE‘ZDOMA <E(3),
Which can be sfm)ol(f:'ed ot
x(t) = 1.7689 sin 62832 (t— 0.018) —o- §745 sin 6.2932 +

—0:3945 Sin 612332 (t-0.036) m ;3 t >0036sec (E@

When the container strikes the floor, the velocity of the
rlna.ss s given by ’mjfl =z m v or v = ‘[2_9_4*l (&)
The d*'splaaCEmenf",af the camcorder .cu.LJ‘ec.éeol tt an
.Enii'fa,'. VelocH:j -:'co =V is given by FEZ_ (2-72), with
Xo=0 Q-MA I< 1,

—Sw,t :
X(f) = e r R ’xO . an \l(__ Y’— C&nt CE'2>
wh I — \5.3— B »
System can be modeled as a"SPl”t‘rIj-ma.SS system ™ —Tx(¥)
subj ted +to base motion: _ |
. JEC. e | «
(+)
b‘(t)z{(”l/tf) ; ost < € 1
0 5t > 1, --—_(El) |

Relative displacement of mass , 3 = x—Y%, is given by Eg.(.g-;é):

t
F(t) =- - f }(t‘) = T (t-7) sin 63 (t— 7)) dz (e2)

wkve‘re - _ i
| %(r)- (Y 2/t )} e vs b &
$ ()= U
o.nd 'y_(—r) = 0 - fo

Since the system s urtda.mped W, = &, a.m.af ({- o, amd (Eﬂ-)

reduces o

t
F(t) = - ZYz J\ sin W, (t-7) dv _ (E/f)

@, Vto _
Here ) ¢

‘ t
f simw, (t-7) dr = f(ﬁn et cose,T — cosw.t sines, T)dT
(o] [~ .

t t
= Sin &S,t fo:rt w.r 4T — cos Wt f sin 9, T 4T

[~]



Q

_ A(t' cos w,,t) | . (€

3

. t
S'in 9, t (Z,F Sin LJ,,z)t _ cos ot (_ 'a’—g cos a),.‘t’)
n , n n o

Thus Eg - (Eq) gives

2 ' ' '
(t) = _\_(___'l’__ _ _2_‘_1’_2_ (1- Co:wnt) ; o= t #fo (E‘)

x
t2 t} o,
For t+ > t,
Eg. (E2) gives
. t ‘
3= - L f 2 in o (t-7) dr (E7)
| n

But

t, ‘ :
,_[«n'n w(t-) dr = —w{—" {Cos Q" (t—te) — cos as,,{:}

Ot ()= ) — g () = _ :,*Yt: feo &, (t=to) — cos Wt} 5 >ty
' ‘ _ (Es)
t -TO (-7 ’
Ii = j; (t-t‘) e @"( 2 sin C«Z,(f—‘t‘.)(—&t?)

I,

_ N =T, (t-7) o
= (f—'c.) e {-— T, sin OJJ ({'- T) — (JJ Cos CJJ({"'T)}
Gw)?+ |

- e T {G"w" Léz)s.'n W, (t-7) 2T Wy cos 3 (t-2) :
(ren)?+ 63} ToH T e ﬂ
- __f’?(zj-agnwn_*_ f_%;ff(tw,, Tin th +' U‘! c%wat) T=0
+ é—;f"t {c.so,,iL (2%7=1) sin @yt +2Y09, 09y cos Gt}

n

L 5 .
= f é—Twn({- ?) Sin wd(f—?)(—-c!’t')

[ & TP =T f= 503, sin (3 (£-7) — Wy cos C*"")}]t
T=0

T"w,f + GS:
= w& e—Tw"t '
= - —T+ " (rw“ Sin @t 4+ 3, cos ‘*94*)
n w,, '

—
—




x(t) = _SF ¢ _ 3F-t o

m 5y ! m ) 2 2 :
gr[t 2¥ _Tca..f{“— (wrwn) . mt}]

= — - - L2 cos Wyt — Sin \
-k On *oe W G w:wé ‘

(i) mx +Ck 4+ kx= F(t) |
. where m(‘b)_—. M_motz (2000-—!01:) ky

and F(t) = m, v = (0 (2000) = 20000 N
(2) with m= M - —m oto = 2000 - 7 (10)(100) = t500 %3 ,
8“"’{"0“ of mo-t.on becomes
1500 x + 0-1 XIOG x + 79 xlOG x = 20000 = constant
Maximum s\‘:ea.alg state displacement is
*(t) = 'y = -2—09—9%- = 0002667 m
75 x 10

From Ep.(4.12), the response to unit step function car be obtained by
@ setting NT)=1 as

(o) = [Fge-v) dn e (ED)
By differentiating this cz_ua-ta'on with respect fo t, we obtain

CAOERFIO

Epuation (4.32) Jives x(t) = j F(z)-g(t-7).dT

But 3({: T)= ‘“‘ (t ‘L‘) from proi:)em 4-29,

x(E) = L F () %(f_w dz

Integration by jports gives +:
X = —F) A=) |7+ b)) 22

= - F(t) h(0) 4+ F() h{¥) + j;t —:—_;— A(x-T) dT
But 4-\(0) =0 from Ez. (Ei) af r'ro‘:(em 4.29,

x(t) = F@) hi(t) + .f* %(r)-k{t—r)-dt

[-d

Equation of motion for rotation about O: ' ' '
Jo0+MX(€)+k a2 0+k,b?8=Fyglet (1)

where ¥ = ¢ § and

1 £ 1
Ty = —— 2 Y == 2
0 =7 m ¢ +‘m( ) m ¢



Egq. (1) can be rewritten as:

{%—mt’z-f-Mf’ B+ (k; a2 +k, b2)h =Fg € et (2)

For given data, Eq. (2) takes the form:
53.3333 0 + 1562.5 § = 500 &~ * (3)

5
Noting that the system is undamped with w, = \ / g% = 5.4127 rad/sec and

*q--ﬁ-—.-
=
N

the forcing term as 500 e~ ¥ the convolution integral, Eq. (4.33), can be used to find the

steady state response as:

1 t

o) = (53.3333) (5.4127) 3
%

500 e~ " gin 5.4127 (t — 7) dr

=1.7320 [ et el 7 sin 5.4127 (t — 7) d7
0

t
=—17320e" " [ &l! =7 sin 5.4127 (t — 7) (— dr) (4)
0
Using the formula:
. 1 :
‘ aX b dx, _ X [ . _ ]
Je**sinbx T asinbx—becosbx (5)
Eq. (4) can be expressed as
r=t
—t e(t —7) . ' :
O(t) = —1.7320 e 7 5 181 5.4127 (t — 7) — 5.4127 cos 5.4127 (t—1)
1° + 5.4127° ‘
r=10

= 0.3094 e"’\“ + 0.05717 sin 5.4127 t — 0.3094 cos 5.4127 t radian

34
*k-;!_—e




12 . 4 48

Equation of motion for rotation about O:

2
¢
Iy = ——m & +m{ ] =Lm(2=-a7—(10)(12)—14583kg——m

.I0¢9+k—9+k——£29_M0e

or 109+—§—k529=Moe
or 1.4583"(§+3125.00=100 e~ 2t -

(1)

Noting that the system is undamped with w, = iljsss'g = 46.2915 rad/sec, the

convolution integral, Eq. (4.33), can be used to find the steady state response as:
, ) |

’ 1
t) = (100 e 27) sin 46.2915 (t —7) d
() = 112583) (46.2015) { (100 €™ %) sin (b =7)dr
t .
=—1.4813 e~ 2" [ &X'~ ") gin 46.2015 (t — 7) (— dr) (2)
Using Eq. (5) in the solution of Problem 4.31, Eq. (2) can be expressed as:
. r=t
e2 (t=1) .
f(t) =—1.4813 e ** | 5~ 12 §in 46.2915 (t — 7) — 46.2915 cos 46.2915 (t — 7)
22 4 46.2915
. ‘ r=240
=0.03194 e~ 2* + 13.7094 (10™*) sin 46.2915 t — 0.03194 cos 46.2915 t radian (4)

34?9

- x(t). Equation of motion for rotation about O: -

Net compression of spring PQ =

et i

3k 3 |
x(t) = 4’xoe* (1)

m ¢ = -4-5 (10) (1%) = 1.4583 kg—m?,

or J09+—k4’29—

1
For given data, J;g = — m €2 + m (—)? -1
-even » 0T e + (4) 48

—:— k &% = —z— (5000) (1%) = 3125 N/m, and Eq. (1) becomes:

1.4583 6 + 3125.0 0 = 37.5 e~ ¢ (2)



Noting that the system is undamped with

3125.0
1.4583
the convolution integral, Eq. (4.33), can be used to find the steady state response as:

1 ” Sy e ~
o(t) = (1.4533) (46.2915) { (37.5 ™ ") sin 46.2915 (t — 7) d7 (3)

Using Eq. (5) in the solution of Problem 4.31, Eq. (3) can be expressed as

= 46.2915 rad /sec

Wy =

e(t - r)
12 + 46.2915%

—0.01199 e~ ¥ + 2.591 (107*) sin 46.2915 t — 0.01199 cos 46.2915 t radian  (4)

6(t) = — 0.5555 e~ * {Sin 46.2915 (t — 7) — 46.2015 cos (t — r)}

&ier -
-t

F, e

oy reastions |||

)

at O m E
L

Equation of motion for rotation of pulley about O: : k x

Jo'é+mi(zr)+k1x(zr)+k,(9r)r=szoe-t (1)

where 0 = —23-1_—. Eq. (1) can be rewritten in terms of x only as:

Jo . 1 |
— : = — t
21_-{—2mr X+ 2k1r+—§-k2r]x——2rFoe (2)
For given data, Eq. (2) becomes
110X + 112.5x =5~ ¢ . (3)
Noting that the system is undamped with Wy, = '11112;)5 = 3.1980 rad/sec, the

convolution integral, Eq. (4.33), can be used to find the steady state response as:

t
x(6) = — 0.1421 &= * [ o= gin 3.1980 (s — 7)) (= d7) @
a



Using Eq. (5) in the solution of Problem 4.31, Eq. {4) can be expressed as
v t

-t )
x(t) = — 2'1421 °_— [elt=7) {sin 3.1980 (t — 7) — 3.1980 cos 3.1980 (t — 7)
| 12 + 3.1980
) T=0
=0.04048 e~ * + 0.01266 sin 3.1980 t — 0.04048 cos 3.1980 t m (5)

Fa ;3 o=t 2 {4 A . _
F(t) = o E,
(® {o 3t > t, , (>

2

Egn(4.§3) gives , for an unJa-mPed system ,
L % ' ()
x(t) = f F(r) sinw,(t-7) 47 2
0

m &9,

For o< t < ¢,:

A e e . E— . m—— - w = -

F t F
'x(t) = m:J" J; sin O, (f—’t) dTz = _4'23 (i - Cos CJ,,,{.') : (E;)
using Ep.( Eg) in the solution of problem 4.26.
For + > ¢, : ( ‘
x(t) = Fo ts

m G, f sin @, (+-7T) dz

[+]
US’i‘nj the relation

» to
£ s.‘n;wh (t-—'t’)-d'r = é{cos W, (’t-'ta> — cos wnt }

the solution can be exPresseJ as

x(t) = ::: [cas O (t‘té) — cos as,,tj ()
Response spectrum
For o< t < to, x () = __‘:% (1‘__ cos ("nt> (E;) .
%.t}— = E,.:Sh Sin Wat =0 P> Wy tmax =T
O = % (£ = Tmax) = .% (1— cos w“AtmOLX = Zf" | (Es>
For t >¢t,, . E . : 3
X(+)= — { cos @, (k- ¥,) — cos @at } E,)

j“x}_ - - E;‘:Sn {Sn‘n o (t- 60) — s G’,.‘t} =0



= Sin &5, (fmo.x - fa) = sin O, tma.x

. : +
i-e, tan G, fma.x = ( Sin Wy, T > (EB)
C

oS wnfo =1

e : t . :
ey Sin @S, tmax = . Sin @9p To _ <E3>
{2 (4= cos w,t0) |

cos (9.t — 1
cos &t ., = ne G;m)

\/2 (1~ cos w,.foy

Y Tmax = x (t= fm@x) = _i;:. {cos W, s - Cos ot

and

+ Sin mntmo.x - $in C'-’nfo - Cos w“tma.x}

_i Fe { GOS wh“to = ,)2 g‘.nz Gy to
R f

R + -1
2(1— cos &5“{",) \/2(‘_, Ccos c.Sn‘to)

= 2R @b »
k 2 v
PlOf\‘:l’ng : _2TT
R 5 CSn = =
§ ‘ t
max
For os ¢t < ¢, , W tmax = T or > L
. z,
When ftﬁ fo R fma.x— —z < 1‘:,:,
(-e) _f.f. > L
T = 2
oo x t. ) E
max 2 for = 2 > 3 ( t:.)
St n
FOY‘ .é- > -ta b 'tg i i
Th z :
x 2T To
max = 2 sin Un.'to — 2 sin z T,
. X +
- ma-x = 2 Sin % for __{—2_ < 4+ (E,;)




- x1"1
Eps (B omd (E13) are 1 (522)
Flotted in the frgure. 2 f-------

)
i
|
i
]
’
!
i
|
[
|
]

1 -
(_f_o.
%h
o T 1 1%
Response sPecw‘:ru.m for o -
\”ecfa.n'gu[a.r Pu(:e-type foad
The response is fou.nd n PrOHem 4.21.
FOT' o.<‘_ & < f_?.:
2 L8 Tt ‘
x(t) = -E‘- (1— cos w,,t) + __Eo_'_‘ : ‘ - -{CoSE — co¥ Un.&}
2man {(Z Yok}
For x > dx . ‘ ° (El)
ma.x 4t =
y F e
1+ €., F.O wn an wht + o (— ._T_r_ Sin _—‘t— +Cl.," Tin fa-’nf>
- mf(E Yoyt e T
2t, /) " } ‘
o
which can be reduced 1o the form |
- ' .
Sin W, tmax = [ m—— —1| sin m (EZ)
an‘&o {m(-z-?o> _mwhz}"‘-k zto .

Onf.e "l;mc.l.x is known :Fram (Ez), E?/'(EI> can be used
to find x at :

ma. x

- = x(¢= tmax) = %— (1 — Cos ash{:,,‘a.x>

ma.x
Fo
wt
..___ma::. — ¢os W, 'bma.x) (EB)

"z e (T

2



FO)" f >to:

- e .- ——- -

'X(f).— -——9- Cos W, (‘b—‘t‘o)
+ +
— Sin Q’n("—' ") { _27_2_ —'C‘Sn> 2m 65, ( 1—&9)}
<

-|—-co$o.9,,": {-_Fi_
*

fo o
.+
Zrm G, (———“’ -c&,) am s (T + @ }
2ty Plzt,
- (&)

For ‘L’.‘ma_x > 5_:_ = 0
e : ‘F:d ™ Gsh cos @n(fma.x‘to)

in t ,,_,,.-'t —
* s wn( m 0) 2m S, t{( > ) }

Fo L)z e

t
-+ 2t sin wntm&x -0 (ES>
*{ (F) - o}
once to,., 'S found by Solv;‘ng Eg,(gs), X ., &N be ;Fouan
from E3. (E4) as
Xmax = *(t= tmax) = —Zf- cos Q;‘({:ma_‘ — to)
™ K
- Z Sin Cr.’n< éma.x- fo)
20, mt T \2 1
" o{ zta) - ©n }
Fs T \2 _

* Jr TN 2

‘ {(21‘:0> — @n } »
Ezs- (53) anA (EG) can be used to Plof xmm‘ versus G5,
to sef the de'Pla..C.CmEn’b response SPECtY'LLTﬁ»

Base acceleration = y(t) = a, (1 sin zt., ) (e()
For an unda.mpec’ s_njsfem the relative d:sf.»lacemenf IS given by
& (4-36): +
}(t) = _--—— f (@) sin Ga(t-7) AT

[fo.,, Sin W3, (+- t) dr — fw Sin = sin @n(‘t‘—'()o‘tJ

e\



Here

t t
1 - cos @ |
f:rn o, (t-1T) dz = ( i ) (&)
(] &9“
from Eg.(E,) in the solution of problem 4.26.
and
t T :
f Shn :t (ﬁn w,.t ces 3,T — cos 6.9"{: sin wn2’> d?
0 )
T
s - T+ o t
= sin w,t {_ _Ca (zi-o -”")7: 3 ‘°5(zt°+ ")T}
2( X _ : T ,
(?_to n Z(zt°+ GSn) °©
w2 — /T +
~ CoS w"t { S'"(zt—,, Bp) T B sin ('E't-: +&9n>2' (54)
a T
.1(2_{,-‘ &9,-.) 2 (E—Ea <+ C"n) 0

T",“s the solution, Ep - (E2), can be Fenally e;frcsrecl as
) | L_wn +
3’({)= - a;; (i—- ————-'w;w"t)__ %o {Sl'nwnt-[cos(zt" ) '
-
" " " (75, “n)
L
: cosS (54 + 03, (I .
¢ Gure)t } s ot | (G @t g.n(.;?own)fj

d...’L'(.S) (X - -
(75, * o 6,79 (g e

(&)

| During o<t < t,: ' | o
x(t)= _%_(1_.'%__cpsc.st+¢;‘*os.‘n Ls,,t) : (_E")

] 4 (4]

x {(t) =0 9ives W, t, Sin W, ty, = 1~ o3 w,fm
e Wt = 2 tan‘f“(w"t,) : ] (Ez)
(El) becomes Xm oy A coh O bt L sin e, (53)
(Fork) % , “nto | |

where t. is given BJ (Ez).
Duriug t >t

SO TR [ ot st - (e e ) 5 0] (5)

e X(#) HWnte A ()= A 4 Ot + B cr 9, |
F i )
wlncr; A= 1-ofw,t, ; B= — (Wat — tin o,1,)

Since %!m: "Az.\\. B% ,.

s lGreett s @ wesy T4 )

1A



2:0
Ep-(E3)|
-6
2 r
0o-3 t
o4

L 1 i 1 1 1 L | A 1 1 ) ! 1

0 2 4 6 8 10 12 4 K 0 z 4 ¢ & o 1214 16

w,\tn wnfﬂ

From Example 4.7, the response of the building frame is given by

x(£) = -%' [i-— -‘—Eg — cos @t +
and .

F; . . ~ ) t

x(8) = g [(- esnts) smant - (.t sinants) s et ], t(e )

2

w"to in wnt] » 0% t< to (E1)

. o g oty o~ - s - - ——— - ———

For x(t) #o be maximum, the guantity inside sguare

brackets (Er) must be maximum. This implies that

dt [ _ __ - o ot + T sin @5, ]

e, Wato sinw,t = 1- (os w,t

Qe W,to cos ‘f%t = sm.“:’i-i: .

e tan antf = W, to (53)

Thus, # x(t) attains & maximum value at t= t,0x, Ep-(E3)
gives 2 4 _ |

trmax = Z;; tan (wn ta) ’ : (E-’r)
Once 't‘m‘u is known _'pr‘orn (54) (E ) gives

Xax= x (= tmax) = { Erar _ o5 co,t

n mex

6.9 €, ff'n o, tmn.x}' (Eb’)

n

+

(i) For t> ¢,

- - -___--—

For X(f) to be maximum, the guant f:y inside sguare brackets
in Ez (Ez) must ke maximum. This «mpl.es that

ftT [(I-— s Wato) sin Wt — (49,,{0 ~ Sin w,,t°> cos w,,t] =0



-e)
(1- cos Wyts) W, Cos et + (W, —sin Wats) @, sin Wt = O
l"E‘) .

i

= cos et
tan Cﬂnt = - ° (E€>

Gpto — sin wyto

If _J’-(f) attains its maximum at t= ... > EZ.(Eg> gives

-1 - t : -
’tmax = zé' tan (’ 1+.CoS Win "o j) (é7>

" Wato— Sim Wpty

Once tmax S computed 5}0,-.4 (), (Ex) gives
xﬁax:: ’X(t: t’ma.x)=kwt (]..(_osw*:)—f—(a}f-SmLS‘t‘)J

Given data: | ' - (&g)

- - -

m= 5000 kg, Fo= 4 x 10° N, t,=o0-4 Sec, X .. =< 0.0l m.

-C&?n= */m = O.0l4i4 Vi

Proc'edu.rc :

- - -

1. Assume a series of values of & .

2. Find  tmae USing Eps- (E4) and (E).

3. Find  x_ using Egs- (Es) and (Eg).

4- Select 4 such that X ax S 00l m in E.(Es) or (Eg).

ample computcr krogra.m and results are Shown Lefow.

XM=5000. ¢

FO=4. 0E+4

T0=0. 4

XK=0. 0

DO 10 I~1. 100

XK=XK+1l. OE+7

CMN=C. Q1414%ZGRT(XK)
THAX1=(2. O/0OMN)*ATAN(GHN=TO)
EMAXI=(FO/EK 1% (1. O—{(THAXL/TQ:-COS(OMN*TMAXL i +SIN(TMN*TMAXL: /
(OMN*TO) ) : :

XNR=—(1, O—COS{0OMN#TO))

ADR=(OMN#TC-SIN(GMN=TO))

THAX2=ATAN{XHR/XDR; /OMN

X1=(1. O~-COS(OMM#TQ) y#x2

X2=(OMN#TG-SINCOMN*TG) s #¥C

X3=(X1+X2)%%Q. 5

AMAXZ2=X3#FQ/ ( XK#OMN#TQ)

PRINT 3, I, XK, TMAXI1, XMAX 1, TMAX2: XMAX2

Py

] FORMAT (IS5, 22X, E135. 4, 2¥, 2E12. 4, 2X, 2E12. 4)
10 CONTINUVE
STOP

END



ra AWM~

- e

0. L 0QCE+CH 0. 6776E-01 G. 7322E+0Q -0. 5124E-03 0. 41441-+00
0. Z00CE+CE C. 4843E-01 G. 3758E+0C -Q. 82C4E-05 0. 1?24/1-+0Q
0. 2000E+Q8 G. 3F73E-01  G.2534E+QC -Q. 3859E-04 0. L3I 00
0. 400GE+0Q8 G. 345CGE-Q1 G. 1914E+00C -0. 410BE-03 0. 10/EFOO
0. 300QCE+TB G.3C92E-01 G. 1538E+Q0C -Q, 4234E-03 0. 78L7E 01~

These results indicate that the reguired stiffness is
X = § x 108 N/‘h‘)

®

Let d = thickness of bracket. Then, from Example 4.12, self weight of beamm = w = 0.5
d 1b, total weight at free end of beam = W = 0.5 d + 0.4 lb, moment of inertia of
beam cross section = I = 0.04187 d® in*, static deflection of beam under W:
oW £ _ (0.5d40.4)
* T 3EI &

We need to use a trial and error procedure to find the correct value of d.

7.9994 (107*) in

Letd = 1 in:

w = 0.5 Ib, W = 0.9 Ib, [ = 0.04187 in*, §,, = 0.9 (7.9994) (10™*) = 7.19946 (107*) in,
| dst 7.19946 (10~

T S AT & V . 386.(4 ~ L = 0.008577 sec

t .
o __ 01 _ 11.6591
7, 0.008577

From Fig. 4.49, shock amplification factor (A,) corresponding to tg /Tn = 11.6591 is

A, = 2.0. |

Dynamic load at end of cantilever = P34 = A, M a, = (2.0) (0.9 /g) (100g) = 180.0 Ib.

o — My ¢ (180 (10)) (1.0/2)
e I 0.04167

Since this is smaller than the permissible value of 26000 psi, we choose a smaller value of
d next.

= 21598.2721 1b /in?

Let d = 0.9 in:

—q )
w = 0.45 Ib, W = 0.85 Ib, I = 0.03038 in*, &, = 2:35 (79994 (10 ) 93271 (109 in

0.93
—4
V:_z vg.3271 (1074 — 0.009762 sec
386.4

i‘i_ — 01 _ i0.2438
7. 0.009762

A, =2.0,Pg =A, Ma, =(2.0) (0.85/g) (100g) = 170.0 Ib

o - M ¢ _ (170 (10)) (0.9/2)
max Ty 0.03038

Since this stress is close to the maximum permissible value, we take d = 0.9 in.

= 25181.0402 Ib /in®




Let d == thickness of bracket. Then from Example 4.12, self weight of beam = w = 0.5
d Ib, total weight at free end of beam = W = 0.5 d + 0.4 lb, moment of inertia of
beam cross section = I = 0.04167 d? in?, static deflection of beam under W:

0.56d +0.4
O3l
We need to use a trial and error procedure to find the correct value of d. However, since

the shock amplification factor, for large values of tg/7,, for the triangular pulse of Fig.
4,50 is similar to that of the pulse shown in Fig. 4.11, we start with d = 0.6 in. This

7.9994 (1071} in

gives: ,

w = 03 b, W = 07 1b, I = (0.04167) (0.218) =__0.009001 _in*,
—4

5y = (g'; (7.9994 (107%)) = 25.9240 (107%) in, 7, =27 \, 25'91“8‘230 )

0.01827 sec, to/7, = (0.1/0.01627) = 6.1445. From Fig. 4.50, we find shock

amplification factor as A, = 1.1, dynamic load at end of beam = Py = A, M a, = (1.1)

(0.7/g) (100g) = 77.0 Ib, maximum bending stress at root of beam =

M; ¢ .
= 2" — (77(10)) (0.8 /2) / (0.009001) = 25663.8151 psi. Since this stress is very

Jma.x
I
close to the maximum permissible value, we select d = 0.6 in as the design.

Let d = thickness of bracket (beam). Self weight of beam = w = 4 {1/2) (16) (0.1) =
0.8 d Ib, total load at middle of beam = W = (1 + 0.8 d) b, area moment of inertia of

beam cross section = [ = —113- (—;—-) d® in*. Static deflection of beam at middle due to
Ww: _ '
0. 6°
W (1 +08d U8 ;4654 (511859 (10-°)) in

by =
"T192ET 192 (107) (0.04167 d°)

We need to use a trial and error procedure to determine the correct value of d.
Let d = 0.4 in:

w = 0.32 Ib, W = 1.32 b, I = 0.002667 in*, 6, = 67.5786 (10~ in,

67.5786 (107°)
n=27 = 0.002
2 V e 628 sec

to 0.1
— = ——___ = 38.0569
7n  0.002828

From Fig. 4.11(b), A, = 1.1, and the dynamic load on beam is given by Pq = A, M a,
where M = total mass of beam and a, = acceleration due to shock = 100 g. Thus
Py = (1.1) (1.32/g) (100 g) = 145.2 Ib. Maximum bending moment in a fixed-fixed beam

due to load (F) at the middle is given by M, = —F?{ so that

145.2 (18) | . 0.4
Mb C . 8 ( 2 )

G, = * = 21777.277 2
max I 0.002567 1 8 lbﬁn




Since this stress is smaller than the maximum permissible value of 26000 psi, we next -
select a smaller value of d.

Let d = 0.35 in:

w = 0.28 b, W = 1.28 Ib, I = 0.001787 in*, §; = 85.5307 (107°) in,

—8y )
=2 V 855307 (1077) _ 002587 sec
386.4 -

% ,
2o 0l 356469
Ta 0.002587 ,

From Fig. 4.11(b), A, = 1.1, Pg = (1.1) (1.28 /g) (100g) = 140.8 Ib

140.8 (16) | 035
M e ° 2 27576.9448 Ib /in?
Fmax = 77 7 0.001787 = A "

Since_this stress exceeds the permissible value, we increase the value of d.
Let d = 0.37 in:

w = 0.298 Ib, W = 1.296 Ib, I = 0.002111 in*, &, = 66.3499 (10~°%) in

-8
Ty =27 V 66.3499 (10 ) = 0.0026804 sec
386.4

Yo _ 38.4024

Tn

From Fig. 4.11(b), A, =~ 1.1, Pq = (1.1) (1.298/g) (100 g) = 142.56 Ib, and

| 142.56 (18) | | 0.37
Mb c 8 2

Imax = T3 0.002111

Since this stress is close to the maximum permissible value, we select the design as d =
0.37 in.

] = 24986.8309 1b /in’

W = m g = 100000 I, ¢ = 005 o = 30000 psi

Omax = Maximum permissible stress = ;— = ——— = 15000 psi,

»\/_ A / 10000 101 0793
— 2 sec
386.4 k

Tp =

We need to use a trial and error procedure to find k.

Let k = 10000 1b/in:



3EI _ 3(30(10°)1
600°
I=24000in* — 7 d* (0.5904) with - = 0.8
. 64 o] » do — -

k=10* =

d} =82.8121 (10*) in*
d, = 30.1664 in ; d; = 24.1331 in

101.0793
Tp = ——===— ~ 1 sec
- Vot ‘
From Fig. 4.14, for 7, = 1 sec and ¢ = 0.05, we find S, = 25 in/sec, Sq4 = 4.2 in and
S, = 0.42 g.
Maximum shear force in column:
w 100000 '
Fpax = — S, = ~ (0.42g) = 42000 Ib

Maximum bending moment:
My = Fray h = (42000) (50 (12)) = 25.2 (10°) Ib—in
Maximum bending stress:

_Mbc

o = _ (25.2 (10%)) (30.1864/2)

| I | 24 (10°)
Since this stress is slightly smaller than the maximum permissible value, we choose a
larger value of k.

= 15837.36 b /in®

Let k = 20000 lb/in:

. |
k =2 (104) = 30 0ONT d3 = 165.6243 (10*) in* |
7r6003 d, = 35.8741 in ; d; = 28.6993 in
— s 4 4 : 101.079
1=48000 in® = Yy d; (0.5904) Ty = 01.0783 _ 0.7147 sec
: 20000 '

From Fig. 4.14, we find
Sy = 28 infsec, Sq = 3 in, S, = 0.6 g

Maximum shear force in ¢olumn:
, 5
Fow = 5, =22 (0.8¢) = 60000 Ib
| g g
Maximum bending moment: _ |
My = Frax h = (60000) (600) = 36 (10°%) Ib—in

Maximum bending stress::
My c 8 o
e _ (36 (107) (353'8741/ 2) _ 13452.7875 Ib /in?
I 48 (10%)
Since this stress is less than the maximum permissible value, we choose the inner and
outer diameters of the column as d; = 28.6993 in and d, = 35.8741 in.

Oy =




m g = 5000 lb, ¢ = 0.02. From Fig. 4.15, in order to have S, = 1 g, we need to have 7,
@ = 0.2 sec. Thus v '

: k
; = 31.416 = —_—
—— ; wh=31416rad /sec —~

n
k = (31.416)* m = (31.416%) (5000/386.4) = 12771.2870 Ib /in

Eguation of motion is x4 W% = ;E’. e‘:‘"*
For zero initial conditions

o6ty EA) = ot . Bt AHio
(Bro) 30 = S0 b RO)T T )

Tn=0.2=27r

Inverse La,f:lcu:.e fro.nsforma.i‘a‘an gives

x(¢) = _;__(Z:_z_:;_). {eiwt__ (o8 .t + -{‘—‘;’: Aeon w,.t)'}

The terms cmta..mq cos Wt amd 4im @t denote the transient

Pa.rt' of the response and fence can be nc&fCC'Eed' Thus the S‘ECan _
state response can Ee exPresseJ as

x(t)= —%— (——}——z) eiwt‘ Where v = &9/&9,,-
1-Y

.@ Fy=h | | I
| Fo +/‘+Hw" )x

From E&. (4--57), _i(/l) = 2
mi(y oy, ar @iy FHITEA+O,

o

+ / 2 . 2 io
| \ A%+ 27 0,4 + 92
Inverse transformation gives

: E ~Tw,t | —yo t ‘
I(t) = 214 - i____ A Bn ((“BJ f + ¢i> + xo e n Sin (09 + + ﬁ
Ol = Ui e

: -y, t -
+ _’iq_eT" sin Wyt
6y

where £= s (Y.

The forcing function can be expressed as
| F(£)= Fo fu®) —u-to)}
where  u(t-7) is the unit sféf) function Q”lt’cd at -!;:.-.?.‘. The
Laplace transform of F(t) is
F)= R(4 -4 &%)
The 8301@{-'1"011 of motion mx + kx =‘F(1‘:) Qives



E(J): -:—D(i"els‘t>;i-{;—* =

..Fo{
™

4

8—4 t,

4(,3“4-&9,,‘) -

Since x‘";i{ T +m)} = .__(1- cos at}),

F,

A (8% + 5.9“")}

x(h)=_Fo_y_ Curey L

ma’ﬂz (i wwnt) L&( ) mw O}} U(t t)
Hence
x ()= @z (i- s 09 t) for o< {;_<_ t,

292 {Cd’ C"ﬁ(f'ta) - dehf} }or t = fo'
. ,:_1 . _
448) *(t) = ':}' Z! AF; {-‘ (~-TGn) e m’"“‘“)-m w6, (- £2)
=1
TG, (t-t )’w (-t

=T (E-te) yo
Wy

- €

Vo, sin wy(t-£:) — (-Tw) e

2 2
T

W)+ W W (k- ti)}

d

Tuh sin W, (£- ¢,
= ) )

W, (.94

y-1
-1
=2 AF TC-S (f: t; \ .
= AT D1 (g, + o) sm et
.. -— . — . — 1 2 1‘ —-TQS ‘t'-—t‘:
XJ ’z(é"{))"‘;—Z‘AFI. (“’d“' 76.9.-.)8 n(J )sfnw‘;(‘f:‘--to
. IR J
=1 d
Eo.(4.68): '
_ﬁ..(i'--_-)-- D:‘,’-‘f‘cren’c.‘a_f.‘ﬁg Ep. (4— CG)
x(t)= F T (t-t;_ 20 -Te, (-t )
(t) * "’)Cd(i-{-r )s,nw(-& ').,_mde »
foxy s @y (E-t)) & %;; cos @y (t-t;,)
Wn . .
- J‘ ( YW, X)) sin as‘t(t—'l:j_,)}
For t= t ) N
. E }_ T, At 1632 . 3 o ;Tdn j{“x'-l Sl‘nCJJA'tJ'v
xi:—;te (_.3‘*(1-}- wd)iln(a%éj'i'_‘) 7
X TS, |
+ ‘¥ By st o | e, %) sin G, &t
B (7))
.« AF =T (E-tp) T, (t-t;
* (- ?:s% 1-TEn € ©, @ G- f—-z)—e ( '2‘
2y - T3, (t-t - 2
L S E R Raatio ] k) PP ORI



—

F —TW, (¢t
ST (t-5-s) w______Tz"’ )w Cos ﬁ’,:(f' ;-t)_] + -‘[T‘J g7 '2
€ Wl *

_TCS (t-t5-)) STn (tt-0)

Cos &_9‘({ -|) + C.s Sin wd(é"' —-t) + JWn € .

(__.._- -sin W) (\‘: ty -|) —TU (t t-')(Tw">@,| ¥ ws{(t )]

_rw, (- - —T‘Jn (E-t-0)

-—T(S e Z"l_‘ CO!(JJ({. t, -I> -

. =TS - . . )
9y () - v, TG (r Te, 1) sin (b=t
3
d

3'(‘9 -t + IIS ‘X
- C > I) )—l
d

->6-54 @S @y (t- try)

Simplification of this eguation gives ot t= t;,
. AF T T, A{'

x-= ? l4-¢e {C"c".l At +Tw"&nt.)At }]
4 « At‘:j (A ¥
%-I -3 ©n A{:J “’h Sin c‘9‘]A“‘:'
+ 7 __ e —_ o
_ 4%« “94 :
-y, at; §- wwn(-. On . ,u:.wAt.}
ye 0 {",‘-. cot @y ot - = Uty xj-1) 4 4%
FEY %, €. (4-c8) ;. Ep-(4:71)
b § o o o
2 047 0.276010E400 0.275640E400
3 o2 0.462605E400 0,461AHB7E+00
4 o3 0,549249E+400 0.547683E+00
5 O4T . 0.536630L+0D 0,53440SE+00
6 0.5 0,435R845E+00 0.433036E+400
7 06T 0.266613E400 U,263378E+00
' o7 0.54766BE=01 0,513272E=-01
9 ol ~0,170711E+00 -0,174093E+400
te o9 =0, 38NTB4E+00 -0,383830E+00
n T . =0, S49289E+00 -0,551730E400

Method 1: . _ 4
om=4 Z\iAF {1- cos @ n(t-t:) }
A= }_1

ij = 2+ = AR w, sin W, (- )

MeH\on s .

= 12 [1—@0 at; ] X 1'-9""9,.At‘+it'_4€...m.df'

4= _L_mwat+wn{-a_&mwai:+ ,g;c,,uAt}
Method 3: "

] AF, '-’-1"" n x._ Cdﬁ,nbt'
e 2 (e ) B (4 sy s

%) F




z. = AF (1- o w, oty ) + Bt 4 sn Waat; + %, of 9, at;
p 4 ¥ x 7
% Ai} ..
-, * sin wnAié
VALUE HETHOD #1 METHOD 21 METHUL #2 METHOD #)
OF (FIG.A.18) (FLG.A,19) (FIG,4.20) (F1G.4.21)
I XC(1) X(1) X(Q) x(1)
2 0,489435E=01 0,412870F=01 0,451034E=01 0,463829E~01
3 0,183327E+00 0.153639F+00 0.168413E+00 0.170863E400
4 0.374R371E400 0.311494E+00 0.342969E+00 0.346380E+00
S U.590262E4+00 0,485757F+00 0.537537E400 0,541621E+00
6 U.T941T4E+00 0.6469A1E+00 0.720014E400 0.724433E400
7 0.95599HE+D0 0,.764556E+00 0,860A96E+00 0.865287E400
8 U.104732E+01 n,8295R82E+00 0.93644HE+00 0.940461E4+00
-9 0.105081E+01 0.B17133E400 0.931268E+00 0.934605E+00
10 0.959172E+00 0.727695E+00 0.840009E400 0.842438E400
11 0,776638E+00 0.566437E+00 0,668027E400 0,669410E400
1 ADCT) XD(1) XD(I) ADCL)
2 0.309017K+00 0,260676E+00 0.284772F+00 0.284646F400
3 0,539444E+00 0.448685E400 0.493775E+00 0,493286E+00
4 0.669917E+00D 0.54797AE+400 0.608327E400 0.607283E400
5 0.690013E+00 0.552279E400 0.620126E+00 0.618106E+00
6 0.6U1222E+00 0.,465650E400 0,531993F+00 0.529561E+00
7 0.416706E+00 0.30194RE+0N 0.357498E+00 0.354412E400
) 0.159909E+00 0.833536F~01 0.119506E+00 0.115921E+00
9 =0,13787RE+00 ~0.1G1957E400 ~0.152198F400 ~0,156045E400
10 =N.440725E+00 -0.4027345£400 ~0.423989E+00 -0.4277Y9E+00
11 ~0,711754E+00  =0_,61%408E+00 -0.661862E400 -0.665302E+00
G%ﬁ‘J%Am‘=:Jﬂya‘= 5 Ta4/£: T = < =_ji____= .1
2MGn 20)(5)

The problem— dependent data, to be used in Program 5
output are given.

and the

C FOLLOWING 11 LINES CUNTALN PROALEMw-DEPENDENT DATA
- _ . DIMENSION F(11),FF(11),DELF(13),TC11),%(11),X0(¢11),Xx1¢11),
2 XD1(11),x2011),XD2(11),X3¢11),XD3(11),%4(13),XD4(11)

DATA F/—G..-IZ'.,‘IS. p-13o,‘11."‘7q "4.'3.¢1°ap1500100/
DO_5 I=1,11}

5 FF(II=F(I)
XAI=0,1
OMN=S,0
DELT=0,1
XK=50.0

C END OF PRODLEM=DEPENDENT DATA

YALUL METHOD w1 METHOD #1 METHOD #2 METHOD 13
QF (FI1G.4.18) (FIG,4.19) (FIG,.4.20) (F1G.4.21)
RN § X(1) X(I) x(1) X{1)




2 «0.,947628E=02 =0,355361E=0} -0.,2R4299E=01 ~0,30837%E=01
3 -0,415895E=01 =-0,124570E£400 -0,110554F400 ~0,117557£+00
1 -0,888374E-01 =0,231948E4+00 =(),224265E400 -0,229133E400
5 =0.,129452E400 -0,31684TE+00 -0,330743E+00Q -0,326273E+00
& ___=0,140543E400 =0,34535LE400 «-N,39181NE400 -0,371424E400
7 -0,10606TE+00 ~0.292742F+00 =0,3812RRE+0Q -0,341045E+00
B =0,149353E=01 ~0,146366E400 =0,2R49Y8B7E400 -0,213841E400
9 0.138845E4+00 0,7862b7E=01 ~N,100887F+00 =0,136816E-01
0,331364E400 0.340894E+00 0.147643E+00 0,244535E400
0.559359K+00 0.,5897L2E+00 N.415128E400 0,488339E400
1 ADCL) XD(1) Xp(I) XD(1)
2 -0,363160E=01 «0.136145F+00 -0,547484E+00 -0,618556E400
3 -0.879517E=01 -0 ,209522E+00 =N0.10521RE+01 -0.1055478401
A =0.960236E=01 ~0,208906E+010 =0,117245E401 ~0,.111170E401
5 =0.627967F=01 -0,123358E400 -0,.916858E+00 -0,.762976E+00
6 0.1821558=01 0.100267E-01 -D,2R9472F+00 =0.1N6971E+00
1 N J14511E400 0, 191935E 411 D.4H2S2b6E400 N.746090E40D
o 0,238516E+0D 0.375367E+00 0.138A00E+01 0.167033E+01
9 0.358701E400 0,499280E4+00 0.220328E401 0,239624E+01
.30 0.429269E+00 Ne522310E+00 0,265575E+01 . 0,268039E+01}
11 N.420343F4ND 0,448691F 400 0.258326E+01 0.195527£+01
: The proHenn dependcnt data to be used in Program 5 and results are
B @ 9 wven. )

C FNLLUWING 11 LTMES COHTALNM PROBLEM=DEPEWDENT DATA
DIMERSION FUS1),FF(51),DRELF(51),T(51),X(51),%XD(51),X1(51),
42 AD1(51),X2(51),%Xn2(51),X3(51),XD3(51),X4(51), D4(51)
DATA F/0,,2.,4, ,b..B.,lO.,1).,l4.,16,,18.,20.,20.,20.,10.,
2 20,.,20.,20,,20,,20,,20,,20,,20,,20.,20,,20,,20.,0,,0,,0.,0,,
3 U-'no;oopDo'i)oo‘)connunloorooluoa{,opcoponfotroolonlobooiro!l
4 0,/
no 5 1=1,51
5 FF(D=F(L)
XAT=0,0
NUMNy=27,3861
DELT=0,01
XK=t5n0.0
hp=hi
C EMD 0OF PRUALEM=DEPENDENT DATA

B N S e W WD e i . P WP Pe P wn am WA S S I S W S N NS S S g - - . o > el A D W m ——— —— —— ———————— -

METHOD #1 METHOD #1 METHDD a2 METHOD #3
__~Pf _______ (F!G.4.IH) (FIG.4.19) (FIG.4.20) (F1G,4,21)
1 XD X(1) X01) X(1)
2 0, 196382E=-03 N.993764E =04 U,4968H82k=U4 0.662924E-04
3 00,2447 38E-03 0.439747E=-03 0.24473BE=03 0,326397E-03
3 0.bb9987E=03 0,109524F =02 0,669GRTE=0] 0.R60303FE-03
5 0.132312E=~02 N, 211625E=02 0,139312E=-02 0.172759F-02
6 U,245261E-02 N,352610F=~02 0,245961E=02 0.296301E=02
7 0.38R935k=02 D.531910E=-02 0,.3BRIISE~Y2 0.457384E-02
R 0.5b7516E=~02 0,7346V97E=-02 0.,567516E=02 0.653940E=02
9 0.770331E=-02 0.989115F =02 0.77H330E=-02 0,H81258E-02
19 0.101560E=-01 0L 12528HE-0) 0.101560E=01 0.113233E~-01



DO N O W

—a

e

45
46
47
Ad
49
50
51

0,.7981952K~02
N A31680K=02
0.803221E=02
0,714897E=02
0,573290K=02
0,38R954E=02
0,175:29E-02

xb(1)

0.3606N1F=03
0.105493K=02
Ng203123FE=02
0,321673r=02
V.452309F =02
V.BB5294E=02
Q,TINT71SE=012
0,819225E=02
0.902736k=12

0,2313952E~02

0,"37302E=-04
=0.,215904E=02
=0, 325090E-02
=0.602593E~02
-0,735183€£-02
-0,H12978L=02

N.845167E-02
N.B8NTDH2E~02
0.7088334E=02

557718E-02
0.365064E=02
D.145202E-02

=) .B854H40L-03

Xnor)

0.721201F=03
0.174925E=02
0,.300753F=~02
0.440224E-02
N.582945kK=-02
0.718278E=02
0,336136E~-02
0.927735E-02
0,98H248kK=~02

-0,244374E=03
=0,252103E=02
«0,4600977F=02
=0,6354Y5E=02
-0,76264BE=02
~0,R32959E=072
~0,841188F=02

0.,798155E=02
0.831682E-072
V.803222E-072
0.714896E=02
0.573288E=072
0.348951E-02

0.175624E~0U2

XD

0.987545E=-02
H,288903E-01
0.556274EF =01
0.88093BE-01
U,123R70F+00
0.160289F 00
N,194637E400
0,224354E+00
0.247224£ 400

0.640694E~-01
0.256574E=02

=0.591291E-01
=0.116417E+400
=0,165028E+00
=0,201339E+00
=0,222644F400

0.827565E-02
0.825346E-02
0,761612€~02
0,641114E-02
0.472831E~02
0,26930HE~02
0.4A57121E~03

mwr)

0,148443E=01
0.385138E=01
0.h92620E~01
0.,104780K400
0,142425E+400
0.179393E400
0.212929E+00
0.240531E400
0,260144E400

0.289420E=01
-0,333924E=0]
-0,932780E-01
=0.146211E400
~0.188247E100
~0,216253K400
-0,228140E400

The Problem dependemt data to be used in Program 5 and output are
given below.

C FOLLOWING 11 LINES ’
DIMENSLINN F(51),FF{51),DELF(51),T(51),X(51),XD(51), Xl(bi),
A01C51),X2(517), xmztst) X3(51),XDb3(51), x4(51) xo4(51)

NATA F/n.,z..a.,b.,a.,10,,12.,14.,16.,19.,20.,20.,20.,20.,
20,,20,,20,,20,,20,,20,,20,,20,,20.,20,,20,,20,,0,,0,,0,,0,,

2

whe

Cop0.,0,,0.,0,,0,,0

0./
D) 5 I=1,51
EF(1)=F(I)

XALl=0,0912872

OMN=27, 3861
DELT=0,.01
Xk=1500,0
HWpP=si

CONTALN

.'0-'

C END OF PROBLEM=DEPENDEAT OATA

0,,0.,0,,0

PRUALEM=-DEPENDENT DATA

.,0,,0

ponloaoonlospoa '0"
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METHOD #1
(F15,4.18)

METHOD #1
(F1G.4.19)

METHUD #2

(FIG.1.20)

METIHOD #3
(FI16.4.21)

- S W S S W G @ e G An e W B M e T M SE W M e - e e wn M e Sm e e e e e S T Gy m e ph e B m A e e N S A SR e e e e e

-
s DOV DN WN

0.388713E-N4
0,237610E=-03
0.h12607E=03
0,132031K=~02
0.230651E~02
0.360999E=02
0.521792E-02
0,709550E=02

0.919000HK =072

0,977126E-04
0.426350E-03
0,304760E~02
0,1999N0E~Q2
0,329221F~02
0.491347E-~02
N.LB25R6E=-02
0.,8972307E=~02
0,1128BA5E~-01

0.488713E-04
0.237610E=03
0,642607E-03
0,132080E=02
0,230651K=-02
0,360999E~12
0,521792F=02
0,709550E~-02
0.919000E=-02

0,652702E~04
0.316883E~-03
0.824391€E-03
0,163535E=02
0.277294E-02
0.423546k-02
0.599767E-02
0.R01378E=-02
0.102218K~01



45
46
47
48
49
50
51

O DDA N B WK

0.440657F =2
0.529242L=02
0,51%)315=02
0.57b1A3E=02
0,53651TE=02
045921 0E~0?2
0.3522908=02

XD(1)

0.35%0266L=03
Va1U0A2SE=02
0,191111E=02
0.298127F=02
0.413276F=02
0.527791F=u?
Neh3I337TR=N2
0.722794E=02

0190330E=02.

0.39537 2=y
).246013F=02
0.761748L =03
=0.721916F =13
=Na217591k=n2
=0, 34UDTI=12
=0.4316H3E=02

V.534203F =02
N.57T6879k=07
N,5T754745Fen?
N.H323ME<02
D.452545k =02
J.343772E=072
Ve215312E=02

XD({1)

D.700531F-03
DelbhH) 3k=nZ
D,281397 =07
N0,405142F=102
N,5728125F=-02
O,0412306F=02
0.73ﬂ9b3h-02

«B312211F~02
ﬁ B TRLGF -0 )

Ne233794L=02
0,715291F=03
=).B833375E=03
«0,227397F =02
=1) ¢ 14794Y92E02

=0,137300L-02

=0, 130573E-02

.4400060F =02
U.529244F =02
N1,575032k =02
V., 576733k =02
0.531651AF=N?
0,459208E =02
V,3952286E=02

XH(i)

D.BA372603E=-Up
Ne27T2ThE=1}]
NeD25571F=C1
0.81987nk =01
0,113655¥4+00
U,145%147F 400
ND.1L7TA1ASE 0D
B.1I087185E400
0,217342F v

U, 10%T730K400
D,hToT26F =01
N _236977F =01

0, 194553 =01

=0, 598303k =01
-0.935257¢ =01
~0,1187649F+00

(,381147E=02
0.5%69G88L =02
N.579144K~02 |
0 55%KI0TE=07
D.49THh21E=-02
U,1037208+02
0D.2851 M4k =02

X))

Vo145 198e=11
0,369 =)
0.6053292F=-0)
(i,9725U1F=01)
0,13023/F 300
0.161441E400
0.,1399431K400
0,212348F+0v
042280238400

VL HTNS12E=01
0,341850E=01
0,197140F=03
~0,41h597E=01
=0,7P34A5k=-01
“0,107736E+00
“0 127 765E+00

'Z(t)-——-— f Fz) e T (t - sin W,(t-7%) dT

sin th Cos WYT - coscht Sin (T

But

ﬁnah(t—t)=

-y, .t

'x({)_ [A®). sin @yt - BE) ws it e~

m,uu

where

a0 [oFe) e
B¥)= 4*,_-(-3) e‘f“’“? Sin (97 4T

9,7
TEE o ©,7 - dz

Let F(%) be taken as o piecewise linear function
olurmg (t‘ ot ) as

F()= Fooy+ (E202) (-

~
iy
N




we can write

jti T _ AF ¥on ® w,T -4T
At) = Altm) + 0 ,(;;; i) e “r

‘—
t; AFL \ Y@ T 8z
¢ . o s W, 7
+ J; (F"_p tt-l At e ‘ d

=

F.
: -t YR
= A(f;_,)+-‘;-‘£—_ P+ (Fiy ™ S At'), 2

4

where . T O o
ot
P, = -ff" e? " s w7 AT
t£_|

t“ Twn? ct
T sF)e sin (T AT
B(t:)= B(ti) T { (At;

t; AF; ( YOV
4 . = T. s sin O T-“t'
+"[£‘i-| (Fe = B at; )€ "

: ’ : AF;
Sa )+ 2R e (R -t SR
R Ati "
ukere t“ '}'(49,,?
=/ e
ti-y

' TWT .
‘:‘4 = J;t'- T e Sin &’d'r -Jl’

sin ua‘r-alr

L=
Assuminj A({:,:o) = B (t.=o) = o,
~ 7 W t.i _
x (t‘:) = .S._:.r___-—-— [A(‘h‘) $in CJJ{‘-“ - B(‘L‘;) cos W f‘]
m 5y - _

The irnfegm’.: in P, P2, P3 and ,P"‘ can be evaluated n closed

form . -
The computer program and output are given.

e i e e D e e e i B ey = e o e i o e e fie e ool

C PROBLENW 4,55 .
C NUMRERICAL INTEGHATIUN OF DUHAMEL 1NTEGRAL

C | . ,
€ ======z==c========SS3=T=SSISSSSSSSS==SSSSSSSSS=SSSSSSSSSSSSSS=T==S=S==
C PROBLEM-DEPENDENT DATA

DIMENSION F(21), X(21),DELT(21), T{21),A(21},B(21)
NP=21

XAI=Q, 1

OMN=1. O



XM=1.0
2 04894,.01231,.0,.0,.0,.0,.0..0,.0,.0.:.0,.0:.07

pg 10 I=1,21

10 DELT(I)=0. 31416
C END GF FROBLEM-DEPENDENT DATA

A(1)=0.0

B(1)=0.0

OMD=0MN%SART (1. O—XAI##2}

T(1)=0.0

DO 20 I=2, NP

T¢I)=T(I-1)+DELT(I)

TIME=T(I)

CALL PI1(TIME., XAI, OMN,OMD.PP1}

CALL PIZ2(TIME, XAI, OMN. OMD, PP2}

CALL PIZ3(TIME, XAI, OMN, OMD, PP3)

CALL PI4(TIME, XAIL, OMN. OMD. PP4)

TIME=T(I-1)

CALL PIL(TIME, XAI, DMN,OHD,PMI*

CALL PI2{TIME, XAI, OMN, OMD, PM2}

CALL PI3{TIME., XAI. OMN, OMD, FM3)

CALL PI4(TIME, XAIl, OMN, OMD, PM4}

P1=PP1-PM1

2=PP2-PM2

P3=PP3-PM3

P4=PP4-PM4 ‘

DELF=F(I}~F(I-1)}
ACI)=A(I-1)+(DELF/DELT(I))#P1+(F(I-1)-T(I—1)#DELF/DELT(I})*P2
B(I)=B(I-1)+(DELF/DELT(I))#P4+(F(I~-1)-T(I-1}#DELF/DELT(I))*P3
X(I)=(EXP(-XAI+#OMN*#T{I)}/(5M*OMD)} ) # (A{I)#SIN(OMD*T{I) )}~
2 BC(I)®#*COS(OMD#*T(I)}) '

20 CONTINUE
PRINT 30
30 FORMAT ¢(//.2X, 41H NUMERICAL EVALUATION OF DUHAMEL INTEGRAL.,

2 /7,5%, 2H I,6X, 9H T(I1),10X, 5H F(I), 10X:5H X(I), /)

DO 40 I=2,NP

40  PRINT 50, I, T(I),F(I),X<{I)
50 FORMAT (2X, IS5, 3E15. 8)

STOP
END
C e - b P 3 T b e e P ] mEEsSSSssmsm= == ====|m=mTmt ] 5
c
C SUBROUTINE P11
c
C ==_==================================—————====———=:_==============:' ==

SUBROUTINE PI1 (T, XAI, OMN. OMD. P

DEN=( XAI#*0OMN) #+2+0MD##2
P*(T*EKP(XAI*DHN*TJ/DENA*(XAI*OﬁN*CGS(DHD*T)+DHD*SIN(DHD*T)}
2 -(EXP(XAI*DNN*T)/(DEN**Q))*(((XAI*DMN)**“~DMD**2)*COS(DMD*T)
3 +2. O*XAI*DHN*DHD*SIH(OHD*T))

RETURN

END



OO0 0

aO0OOn0n

SUBROUTIME PI2 (T, XAI, 0N, OMD, P)

DEM=({ XAI#0MN) ##2+0OMD+#Z
P={EXP (XAI#CMN#T} /DEMN)#{ XAI#OMN4COS{OME+#T :+0OHD*SINI{OME*#T})
RETURN
END

B R e R e R e e AR

SUBROUTINE PI3

e T e o T i e S G et T e e N T S S S W g e e o o e S T e e S e S T e T T Sy v W A ey S S e ot g S T S S g R mm e Y P T
P e e P P e o b b AT )

SUBROUTINE PI3 (T, XAI. OMN., OMD,: P)

DEN=( XAI #0MN) ##2+0MD*%#2

=(EAP(XATI#OMN*T) /DEN) # { XAT #OMN®SIN{OMD»* T } ~OMD#COS{OMD# 7))
RETURN

SUVBROUTIME PI4 (T, XAI.QOMN.CMD, P)

DEN=¢XAI#OMN} #++2+0MD##2 .
P={T#EXP { XAI#OMN*T) /CEN)} # ( XAI2OMN#SIN(CGMD+T) -OMD#COS(OMD*T) }

=
2

RETURN
END

NUMERICAL EVALUATION OF DUHAMEL INTEGRAL

1 T(I) FCD X1
2 0.31413999E+00 Q. B4J353999RE+DQO Q. 45415%32E-D1
3 0. 62B3199BE+G0 T. 8F09F99SE+00 G. 13377741E+00
4 Q. F4247997E+Q0 C. 344GO0CCE+Q0 (. 32429F743E+C0
5 Q. 1256&6404E+0Q1 0. 4121F997E+30 0. 4974747 2E+00
4 0. 15708008E+01 0. 27290003E+00 Q. §5152758E+00
7 0.1884%75611E+01 Q. 10999FBE+00 Q. 7&23F212E+00
8 0. 21991215E+01 €. 10900003E+30 Q. 8125&32&E+00
? 0.2513281EE+01 (. 4E93P9FFE-0L1 G. 79324198E+00
10 0. 282749422E+01 §. 1230999SE-01 G. 704E2814E+Q0
11 0.314146025E+01 Q. O00QQQQQE+Q0O Q. 554644B67E+00
12 0.3455762FE+Q1 0. OCO0COOCE+CO Q. 35452141E+CQ0
13 0. 37697232E+01 . QO00CO0CE+QQ C. 14971565E+00
14 Q. 408408B34E+G1 C. OCOGCOQCE+GO~C. $4231847E-01
15 C. 4378243FE+Q1 0. 000QCOQRE+Q0—-Q. 242742441E+00
16 0.47124043E+C1 0. 0000QQ0QQCE+Q0~-0. 42235131E+00
17 0. 502&632645E+01 0. OCOQGOQOE+Q0-0. S3218621E+00Q
18 0. 33407249E+01 C. 0Q0QCOQQE+Q0—C. 58483123E+Q0
19 0. 5454E853E+01 0. QOO0OO0CGE+C0O—-0. 57878375E+00
20 Q. 5726F0454E+01 C. OCOOCOQCE+0Q0-0, S1BIF1IRPE+00
21 Q. 628320&0CE+01 C. OCO00Q00QQE+CO-Q. 4121 2624E+00

—{EXP(XAI#OMN#T) /(DEN#¥2) i3 ({ (XAI#0OMN) #22-0MD##2) #*SIN(OMD*T)
=2, Q#XAI#OMN#OMD#COS (OMD%T ) )




The computer program of problem 4.55 can be used to find the
@ relative displacement 3.(t) of the water tank provided —wm3(T)
is usec{ in Pfa.c_e o_.F F(’C')-

Here T=0 , W= 22 3607 rad/sec and
F(’l‘): - 10000 X 9.8 x :y:(t") l'f ; is in }33.

The Problem— dependent data For the Pro'jra_m of problem
4.55 and the ouf‘}out Qre 3?§/e'n below.

R R R R S S e N S S S S S S S S S S I I s T N R S T T TN S T RN S s e ==

PROBLEM 4,56

=x=m —_mo—mmeE

PROBLEM—-DEPENDENT DATA
DIMENSION F(153,X(15),DELT(15), T(15),A{15),B(15)
NP=15
XAI=0. O
OMN=22_. 3607
XM=10000. 0 .
DATA F/. Or . 45, —-. B: -. 90 -. 6! - 79:=.7,.93, 1. 751 1. 65; . 25»
2 -1.1,—-1.4,-1.05,.0/ )
DO 10 I=1,13
10  DELT(1)=0. 029
DO 11 I=1,1D
11 FOI)=—XM%9. B1#F(I)
C END OF PROBLEM-DEPENDENT DATA

AMITSINR NN SN SN IR TRIT TSR TN SN N IR SR SN e S S S SR

c
Cc
o}
c
Cc
C

NUMERICAL EVALUATION OF DUHAMEL INTEGRAL

I T<CI) ‘ F(1) : X1
2 0. 24299999E-01-0. 44144996E+05-0. 45271123E-03
3 0. 49999997E-01 0. 78480000E+05-0. 17433337E-02
4 Q. 74999988E-01 0. 88290000E+05 0. 1113077&4E-02
5 0. 99999944E-01 0. 38840004E+05 0. B40?Y9147E-02
é& 0. 12499994E+00 0. 73575000E+0T 0. 17919452E~01
7 0. 14999992E+00 0. 4B&70000E+05 0. 2537436BE-01
8 0. 17499989E+00—0. 33933000E+03 Q. 28478131E-01
9 0. 19999987E+00-0. 17167500E+04 0. 19674924E-01
10 0. 22499985E+00-0. 16186494E+04—0. 425601228E-02
11 0. 24999982E+00-0. 24525000E+05-0. 3%448214E-01
12 0. 27499980E+00 0. 10791004E+04-0, 57387743-01
13 Q. 29999977E+00 0. 13734000E+04—0. 36341448E-01
14 0. 32499973E+00 0. 10300306E+046—-0. 30433871E-01
15 0. 34999973E+00 0. 0000000QE+DQO0 ¢, 10307007E-01




The

C PHRODBLEM=D

EPEHNENT DATA

prola!.em- dependent data (to be used in the program of Problem
4.55) and output are given.

DIMENSTON F(I0),XC30),DELT(3IN) ,T(30),A(30),B(30)

MP=30Q

XAl1=0,

UMH=8
M=,

WATA F /60,0,60,0,60,U0,60.0,60,0,100,0,100,0,100,0,100,0,100,0,
2 3”.0,30.0; 3“-“’ 50!‘)I‘Jo.U’30.05()00'0.0,0.0'000,0.0’0'0,0-0’000'

b
660254
$]

3 00,0.,0,0,0,0,0,0.0,0,0/

h 1N

10 DELT(

1=1,30
1)=0,01% .

C I.NDN UF PROBLEA-DEPENDANT DATA

NUMERICAL EVALUATLUN NF DUHAMEL §N1EGRAL

e . e MBS R A e . MDA A - -
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20
21
22
23
24
25
26
27
28
29
30

0),99999993F~02
0,20000000E=01
0.29999999F=01
0.3999%999Yk~0}1
0.50000001E=~0D]
0.60000002K~01
0.70000000E=01
0.7999999RBE=01
0,R9999996L =01
0.9999949943E-01
O,10999999F 01
0.11999999E+01)
0,1300000Q0E+00
0.,14000000E+00
0. 15000001400
0,16000001F+00
0,17000002E+00
0,18000N02E+00D
0.19000003E+00
D,20000D03E+00
0,2100Q004E+0OD
0,22000004E+90
0.2300000D5E+0D

ND.24000005E+UO

0.25000006L+00
0,26000005E+00
0,27000004E4+0D
0,28000003E00
0,29000002E+00

0,60000000E+02
N,6000NONNE 02
0,60000000E+02
V.60000000E+02
0.10000000F.+03
U.10000000E403
1,10000000E+403
H,10000000F+03
0.10000000£403
B.30N00ANDK 4072
V.IN0NDNDVE+0?
0,30000000E4+02
0.37000000K+02
0,300LVQUVOE+Q?2
0,30000000F+072
0,00000Q0NF+00
0, 00000000E+00Q
0.00000000E+00
0.00000000E+00
N,00000000E+00
0.,0000000QE+0Q
0., 0000000QE4100
0,00000000F+00
U,00000000E+00
0,00000000E+00
0,000000U0DE+00
1.00000000E+00
N.L200000N0E+00
0.00000000E+00

0,14990796E-02
0.59849964K=02
0,13424230E=01
0.23760952E~01
0.37250735E=01
0.55125091E=0D1
0.77583194E~01
0.104456693K+400
0.13554408F.400
0.17002963E400
0.20532255E+00
0,24057558BE+00
0.27592453E+010)
0,30990744E+00
0.34346649E+00
0.37570029YE+0Q0
0.10536803E+O0
0,13199742E400 -
0.45538884E+00
0.47536695E+00
0,19178207E+00
0.50451112E+00
(1.51345861E+00 -
0.,51855767E+00
N1.,51976985E+00
0.5170R633E+00
0.51052707E+00
0,50914120E+00
0,186006T1E1+00




(1) Find matural fresuenc

— e m - - — . . —— = - - - o -

;.T; = 7)‘\}32 - 5 ma,z
2
= 4% (wo) = a?g®> > K= ke |
*1‘: K a '
V T ?maa ‘f =27(1) = 20T }!ézé (50)
(") Find eﬁ“"“f‘_"."’. of _motion : | x(®)

when the base and ’I’
hence the pivot O is (8 %‘
displaced by 4(¢), 7 c '
_f}"e c‘t's'[ola.c.eme.nt of
mass m , x(t), is -
Given Ej

s (£) = % (E) + £ o(b) (e2)

Relatiyve J.'SP'@cemenf of mass is :
F(t) = x(£) — 3(t) = b o(t) (e5) B
¥ | P
— o — T 4@
F, ——— ec—%"_ |%a6
Ezua,f:t‘on of motion: o}‘( g l _ b ————){

Z, Forces afmﬁ y (vertical) direction =0 > F} fkw sz;-“ (E,f) |
=> l—;-b—kwe(b_w):o (Es)

S Moments about P =o
Solve (Eg,) for Fj and substitute the resutt in (Eg):

(kma +~m3£)b- kwa(b-—w) =0

e, mb x + @ *a} =0 (Es)
But x = ¥+ 3 and e(t)z—f;-}(t)
Hence ( Eg) becomes
mb } -+
O miykag - _ . g | &)

bz
Ep-(E7) can be Compo.red with o standard Forced vibration

C&ua,‘l’:z‘on for an unJa.mFeJ system:



mx 4+ K x o= FE(Y) (Es)

Comparison of (Ez) and (Eg) shows that

Fs s
X= 3, T=m, 4= ”‘Lf' and F =-mY (€5)

(i) Find _solution : |
Solution of Ez- (eg) under o 'recfa,nju_lg_r pulse is given
n Pro‘slem 4-19. Hence the solution of problem 4-19 can

be used +o fl‘na! the reletive displacement.

Gv) Dpesign:

“E_Z“(E—,-)" ‘;;;es VK = 60T Vm or «= 3600 T m . _(E,,)
Fo”owl'nj Frouzdure can be used to solve the Frol,!em:

Q. Agcsume a valwe off a-

b. Assume o small velue of m-

c. Find %« from Es- (Ep)- 4 |

d. Evaluate the solution numerically ag outlined in part (iiD).

e. If the maximum ré‘dffve‘O(.'s’ala,cemcn‘f: is /(a.rge_r than or
ezual G 0.02m, the design is complete.

. Otterwrse , increate the value of m and go to step c.

# If necessary change the value of ain step a.

@ LEf 4 and m dencte +the eaufvaalenf Sffj—'fnesr and vrna.;SS of
the cu{:{:c‘na head. . .
E?/u.a..f:-‘on of motion is: mx + Kk x = F(t) (E,)
, where F(t) is given by
_ Ffsg. 4 .34 () and (b).
Solution of Eg - (E)) under the Force given b_‘] F:'j. 4—-5‘6 (=)
can be obtained as in problem 4.)5. Solution of (E)) under.
the force of F9. 4.56 (b) can be determined wsing e
Procedure similar to thot of Prabfem 4.24 .

The vg_lue.f of K« and m can be o’efermined as fo”ow-f:

. Assume a sma I va.lue For m-
b . Assume o small value for «. 7 |
c. Evaluate the response under F(+) given by Fig. 4.56(a),

~



d. Evaluate the response under F(t) given by Fig. 4.5¢ (b).
€. If the res ponses in rfe,lpg ¢ and d are a,b)oroxn'ma,i-c!y
egu.a_l to 0.1 mm and o005 mm , the current
values of m and « are the desired wvalues.

§- Othkerwise, increment +the value of m and/or %
and ge to Ste,,b C.

@ Model the system as a single d.o.f. torsional system with:

Jo = 0.1 N—m? ; ¢; =0 (no damping assumed) ;

ky = %’-e-— 2= (80 (10%) [ (ad —d*)]

where d, = outer diameter of shaft, and d; = inner diameter.
k, = 62.832 (10°) (d2 — d}) . (1)

Torque acting on the arbor due to breakage of one tooth can be modeled as shown in
figure.

Cu.\H:er ) '“M&(t)
mt l[ APLOY‘
A N\ 4 - m
b s 7R to
¥ 7 2 .
—0.25m—] ° A g
- - 05 m
27
My = 500 N-m, 7= ~ - BO/N = 80/1000 = 0.08 sec where N =
speed of cutter = 1000 rpm. Express l\/(t) in Fourier series:
Mt(t)_—__é_-}-z[ancosnwt—l-b smnwt] _ l (2)
n=1
(see solution of Problem 4.6 for procedure). where w = 2N _ 104.72 rad/sec.
Equation of motion:
Jo 6 +ky 6 = My(t) (3)

where M;(t) is given by Eq. (2). Find solution of Eq. (3) and determine the maximum
value of 6, fp,y. This value must be less than 1°.

Note:

The solution requlres an iterative procedure Assume values for d; and d,. Compute ki,
find solution of #(t), and the value of 8,,,. If 8,,, exceeds 1°, choose a different set of
values for d; and d, and continue the process until 8,,, comes out to be less than 1°.






